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Table 3 Comparison of objective function, design
variable, and constraint values

Parameter Initial Optimal

Objective function f=W 2 0.8743 0.8509
Design variable

a=W 0.400 0.336
b=W 0.400 0.565

Constraint ¾e=¾a
g1 0.8886 0.9940
g2 0.3022 0.6452
g3 1.0695 1.0086

Fig. 1 Plate with an elliptical hole
under uniaxial tension.

Fig. 2 Initial and optimum shapes of elliptical holes.

subdivided into 48 8-node quadratic elements and 173 nodes. The
� nite element mesh in all regions is adjusted adaptively at each op-
timization step. Eight loading steps of 1p1 D 3p0; 1p2 D 1p3 D
1p4 D 1p5 D 1p6 D 1p7 D 1p8 D p0 are applied incrementally.

The hole shape is interpolated by trigonometric function as
x1 D a cos µ and x2 D b sin µ , and the major and minor semiaxes
a and b are taken as the design variables. The equivalent values of
the von Mises stress on the hole boundary are restricted less than
the allowable stress ¾a=¾Y 0 D 1:25, and the stress constraints are
imposed at several points on the boundary.To minimize the weight,
the direct Taylor series approximationtechnique is adopted for con-
structing a quadratic subproblem. The approximated subproblem
with move limit is solved by the complementarypivot method. The
optimumsolutionof the designvariables,theobjectivefunction,and
the stress constraintsobtained after seven iterations are tabulated in
Table 3 in comparison with the initial values. The stress constraints
at µ D 0 deg .g1/ and 90 deg .g3/ are active in the optimum shape.
Figure 2 shows the initial and optimum shapes of the hole. The op-
timum hole shape of the elastic design with same allowable stress
is also shown as a reference. The optimum hole shape of elastic
design .b=a D 3:10/ is smaller and more slender than that of the
plastic design .b=a D 1:68/.

Concluding Remarks
An exact and direct sensitivity analysis technique of the elasto-

plastic material governed by bilinear constitutive law, which has
the discontinuous sensitivities at the yielding point, has been sug-
gested. The sensitivity analysis technique was applied to the two-

dimensional sensitivity analysis and shape optimization of the
elastoplastic material. From these numerical results, it was found
that 1) the sensitivity analysis technique suggestedhere can exactly
treat the discontinuity caused by the bilinear constitutive law of
elastoplastic material, and 2) the sensitivity analysis technique can
effectively determine the optimum shape of an elastoplastic two-
dimensional body with the aid of the approximation method.
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Introduction

T HE Prandtl–Meyer solution for the � ow around an expansion
corner is well known. However, the study of Adamson1 in-

dicated that the transport properties in the expansion process of a
real � ow may have strong effects on the laminar � ow properties.
The velocity and streamline patterns change, and the surface pres-
sure decreases gradually along the streamwise direction. The � ow
would reach the � nal equilibrium condition only after some � nite
distancedownstreamof the corner. The previous studies2¡6 at Mach
1.76–8.0 indicated the similar trend of the expansion process. Fur-
ther, Lu and Chung6 found that the downstream in� uence (xD =±o )
of turbulent � ow past expansion corners can be scaled with the
hypersonic similarity parameter (K D M1®) (Fig. 1). The surface
pressureof weak expansionsreaches the downstream inviscidvalue
more quickly. However, Narasimha and Sreenivasan7 mentioned
that the interaction region appears to be insensitive to the corner
de� ection angle for supersonic � ow. In this Note, Narasimha and
Sreenivasan’s statement is corroboratedfor a low supersonicMach
number in conjunction with the work of Lu and Chung,6 which al-
lows conclusions to be drawn concerning Mach number effects on
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the extent of the interaction region for turbulent expansion corner
� ows. In addition, an interaction region based on surface pressure
� uctuations is illustrated.

Interaction Region
In the present experiment, the stagnation pressure and tempera-

tureare193§ 1 kPa and roomtemperature,respectively.The incom-
ing Mach number is 1:280 § 0:003, and the unit Reynolds number
is 2:57 £ 107 per meter. Tests are conducted for the incoming � ow
past5-, 10-, and15-degexpansioncorners,where K D 0:112; 0:223,
and 0.335. For the surface pressure measurements, one row of 19
pressure taps along the centerline of the plate is drilled perpen-
dicularly to the test surface. Kulite Model XCS-093-25A pressure
transducers are � ush mounted to obtain the dynamic data. The in-
coming boundary-layer thickness at xle D 485 mm is estimated to
be 7:0 § 0:2 mm by the pitot probe measurement, and the nor-
malized velocity pro� le appears to be full .n ¼ 9 for the velocity
power law). This indicates the turbulent � ows at the measurement
locations.

The mean surface pressure distributions for the � ow around the
expansion corners are plotted in Fig. 2. The pressure is plotted in
nondimensionalform, using the stagnationpressure po as reference,
against x¤ D x=±o , where x is the streamwise surface coordinate
center at the cornerand ±o is the incoming boundary-layerthickness.
The inviscid pressure distributions are also shown for comparison.
It can be seen that the mean surface pressure distributions show
some upstream in� uence. The � ows accelerate slightly in front of
the expansioncornersand reach the downstreaminviscid conditions
quickly. The downstream in� uence is less than one boundary-layer
thickness for all three test cases. This agrees with the discussion of
Narasimha and Sreenivasan.7 The extent of the interaction region
of a lower supersonic expansive � ow is relatively insensitive to
the corner � ow de� ection. Thus the downstream in� uence scaling
proposed by Lu and Chung6 would be valid for the expansive � ow

Fig. 1 Downstream in� uence.6

Fig. 2 Surface pressure distributions.

Fig. 3 Surface pressure � uctuations.

at higher Mach number. The lower supersonic expansive � ow can
be treated as inviscid.

Further, the distributions of surface pressure � uctuations are
shown in Fig. 3. The pressure � uctuations ¾p are normalized by
upstream dynamic pressure q1 . The distributions indicate that the
intensity of pressure � uctuations decreases and reaches the mini-
mum downstreamof expansioncorners.The � nal equilibriumpres-
sure � uctuation levels are obtained within three- to � ve-boundary-
layer thicknesses, which indicates a larger interaction region than
that obtained from the mean surface pressure distributions. Thus
the interaction region scaling of the expansive � ows may be further
re� ned based on the distribution of surface pressure � uctuation.

Conclusions
Experiments were carried out to study the effects of expansion

corners on a turbulent boundary layer. At this lower supersonic
Mach number .M1 D 1:280/, the extent of the interaction region is
considered neligible based on mean surface pressure distributions.
The downstreamin� uence for a lower supersonic,expansion-corner
� ow is insensitive to the corner de� ection angle.
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